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Abstract. In [2], Shyr derived an analogue of Dirichlet's class num- 
ber formula for arithmetic Tori. We use this formula to derive a Brauer- 
Siegel formula for Tori, relating the Discriminant of a torus to the prod- 
uct of its regulator and class number. We apply this formula to derive 
asymptotics and lower bounds for Galois orbits of CM points in the 
Siegel modular variety Ag^i. Specifically, we ask that the sizes of these 
orbits grows like a power of Discriminant of the underlying endomor- 
phism algebra. We prove this unconditionally in the case g < 6, and for 
all g under the Generalized Riemann Hypothesis for CM fields. Along 
the way we derive a general transfer principle for torsion in ideal class 
groups of number fields. 

1. Introduction 

Let Ag^i be the coarse moduli space of principally polarized Abelian va- 
rieties. Recall that an Abelian variety B of dimension g is said to be CM 
if its endomorphism algebra End{B) Q contains a semi-simple, commu- 
tative algebra R over Q with [i? : Q] = 2g. This paper is motivated by the 
following conjecture, first suggested by Edixhoven in [3]: 

Conjecture 1.1. Fix an integer g. Let B be a g -dimensional CM principally 
polarized Abelian variety, and let x be the corresponding point in Ag^i{<Q). 
Finally, let Z{End{B)) denote the center of the endomorphism ring of B. 
Then there exists a constant 5g > so that 

|G'a/(Q/Q) -xl >3 Disc{Z{End{B))f^. 

Edixhoven established the desired lower bound for hilbert modular sur- 
faces in [3]. 

Recently, Pila[ll] gave an unconditional proof of the Andre-Oort con- 
jecture for an arbitrary product of modular curves. A positive answer to 
question 11.11 would be one of the main ingredients in generalizing Pila's 
recent work to arbitrary Shimura varieties. Our main theorem is as follows: 

Theorem 1.1. For g < 6, conjecture holds. If one assumes the Gen- 
eralized Riemann Hypothesis for CM fields, then conjecture holds for all 

We mention that using similar methods, UUmo and Yafev independently 
settled the case oi g = 2,3 [16]. Following Chai and Gort, we define a Weyl 
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CM point to be a CM point x corresponding to an abelian variety B whose 
endomorphism ring End{B) is an order in a Weyl CM field. Since for 5 = 1 
all CM points are Weyl CM points, the following theorem can be seen as a 
generalization of Brauer-Siegel's theorem to all g: 

Theorem 1.2. Conjecture \l.l\ holds for all g €z N if one restricts to Weyl 
CM points X. Moreover, suppose x corresponds to an abelian variety B 
whose endomorphism ring End{B) is the ring of integers in a Weyl CM 
field K with totally real subfield F. Then 



For g = 1, conjecture 11.11 is answered by the Brauer-Siegel theorem for 
Class groups of imaginary quadratic fields. For higher g, however, the ques- 
tion isn't just about understanding the sizes of class groups, but more about 
the sizes of images of morphisms between class groups. Thus, for higher g 
instead of class groups of number fields, it turns out we are forced to deal 
with class groups of arithmetic tori over Q. To understand the size of the 
class groups of Tori, we prove the following theorem in section 4: 

Theorem 1.3. (Brauer-Siegel Theorem for Tori) 

Let T be a torus of dimension d with minimal splitting field K , and [K : 
Q] = n. Let HtjRt be the class number and regulator of T respectively. 
Also, let p be the associated integral representation of Ga/(Q/Q) and pQ the 
induced rational representation. Let fp be the norm of the Artin conductor 
corresponding to pQ. Then we have 



Note that all the relevant tori for the study of CM points are compact 
at infinity, and thus have no regulator. In this case, theorem 14.71 tells us 
precisely how large the class group is. 

The general setting we study in section 5 is the following: We are given 
tori T and S over Q, and a map 



and our goal is to understand the size of the image of (j), or more precisely to 
get a lower bound for it. One way to do this is to try and bound torsion in 
class groups of Tori: suppose we knew that (j) had an inverse up to isogeny, 
so that there is some map ip : S ^ T with (p o ijj is the xn map on T. 




- \n{hTRT) = - In /p + o„,d(ln Dk) 

= (^ + On,d(l))ln/p 



(p-.T^ S 

between them. This induces a map of class groups 

(j):ClT^ CLs 
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Then it follows from this that the image of (j) is at least the image of xn 
map on Cls, and so it has size at least |C/5'|/|C/5'[n]|. Now if we could just 
give a good bound for |C/5[n]| we would be done. Unfortunately, bounding 
torsion in class groups is a very hard problem in general. We take a more 
precise approach in section 5, which describes the size of the cokernel of (p in 
terms of the cokernel of the map on characters X{S) — )• X{T) viewed as a 
Galois representation. A nice corollary of this approach is that it allows us 
to derive new transfer principles between torsion in class groups of number 
fields, as is explained in section 6. 

The structure of this paper is as follows. In sections 2 and 3 we give 
background about arithmetic tori, and recall Shyr's formula, which is the 
analogue for arithmetic Tori of Dirichlet's class number formula for number 
fields. In section 4 we use Shyr's formula to prove the Brauer-Siegel Theorem 
for tori 14.71 Section 5 is the core of the paper, and it proves a structure 
theorem for maps between class groups of Tori. In section 6 we explain how 
one can use the results in Section 5 to derive transfer principles for torsion 
in ideal class groups of number fields, and give a new application relating 2- 
torsion in quartic fields to 2-torsion in their cubic resolvents. Finally, section 
7 gives the promised applications to lower bounds of Galois orbits of CM 
abelian varieties. 

2. Preliminaries 

A Torus of dimension d over a field k is an algebraic group T over k such 
that is isomorphic to a power of the multiplicative algebraic group Gm,so 
that Tfc « Gi/j,. 

Given a torus T of dimension d, we define its character group X{T) to 
be Hom^(T,Gm)- Note that X{T) is a free abelian group on d generators. 
X{T) also acquires an action of the absolute Galois group Gk ■= Gal(k/k) 
via x'^{t) = xi't'^ ■ The functor sending T to X{T) is a contravariant 
category equivalence between Tori and torsion-free, finitely generated Gk- 
modules. 

We say that a torus T splits over K if it is isomorphic to a power of 
Gm over K, or equivalently that X(T) is a trivial module for the subgroup 
Gal{k/K). We define G{K/k) to be the set of all Tori over k which are 
split over K. Note that there is a minimal extension K of k over which T 
becomes split, and K is Galois over k. For each extension L of fc, we define 
X{T)l to be the subgroup of X{T) fixed by Gal(fc/(L n k)). If w is a place 
of k, we sometimes write X{T)^ for X(T)k^. 

We shall require the following basic statement from the theory of integral 
representations of finite groups: 

Theorem 2.1. Let G be a finite group and fix a positive integer d. Then 
there are only 0^(1) integral representations of G of dimensions d up to 
isomorphism. 
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Proof. Suppose L is a d-dimensional integral representation of G. We wish 
to find a G-invariant positive-definite inner product on L such that the non- 
zero vectors in L of smahest norm generate L. To show this is possible, 
fix a G- invariant positive-definite inner product (, )i on L, and consider the 
span M G L of the vectors of smallest norm. If M is not all of L, then 
we can consider the dual N of Af with respect to Both M and 

are G-invariant, so we can find a G-invariant inner product (,)2 which is 
trivial on M and positive-definite on A^. By considering -|- (,)2 for an 

appropriate x > 0, we can modify our inner product so as to strictly increase 
the set of non-zero vectors of smallest norm and also their span. 

Thus we can find an inner product (, ) on L which is G- invariant and a 
basis vi, . . . ,Vn consisting of elements of L, such that 

(1) \/i,{vi,Vi) = y 

for some y > and the norm of any other non-zero vector in L is at least y. 
Let L be the span of the Vi (note that L might not be G- invariant). 

By ([I]) the sphere of radius y/2 is contained in a fundamental domain for 
L, and the covolume of L is at most y"^. We thus have that the index [L : L], 
which is equal to the ratio of the covolumes, is at most y^^^^sy- Setting 

N = (2'^)! we see that N ■ L <Z L. Now consider the matrix representation 
for an element g £ G w.r.t the basis for vi, - ■ ■ ■u„. 

Set gvj = Ylii^ij'^i- Since N ■ L C L we have aij G '^[jj]- Since the 
norm of gv is also y, by considering the basis vi, . . . ,Vi-i, gv,Vi+i, ■ ■ ■ ,Vn 
and considering covolumes we conclude as above that \aij\ < N. Thus there 
are only 0^(1) options for the representation of G on L. Since there are 
only Od{l) options for L given L, this completes the proof. 

□ 

In what follows, we write A for the Adele group, and Aj for the finite 
Adeles. likewise, for a number field K we write A^ and A-^ for the Adeles 
(resp. finite Adeles) over K. 

3. Invariants of Arithmetic Tori 

In this section we define several invariants of arithmetic tori and state 
Shyrs analogue of the class number formula. From now on we restrict to 
tori defined over Q. A useful example to keep in mind is the following: Given 
a number field L, the multiplicative group can be thought of as a torus 
over Q given by restricting the multiplicative group Gm from L to Q. The 
corresponding character group X{T) is the free Z-module generated by the 
complex embeddings ipi : L ^ C with the natural Galois action. We denote 
this torus by Resij^Gm- 

3.1. Class number hT' 
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Define T{Zp) to be the maximal compact subgroup of T{Qp), and define 
r(R)'^ to be the maximal compact subgroup of T(M). It follows that 

r(z) ■.= l[TiZp) 

V 

is the maximal compact subgroup of r(A/), and T(A)^ := Tip, x r(R)^ is 
the maximal compact subgroup of T(A). 
Define the class group of T to be 

CLt := T(Q)\r(A/)/r(Z). 

The class number of T is defined to be 

Kt ■■= \CLt\. 

Note that for T = ResL/QGm, the class number hx is the ordinary class 
number of L. 

3.2. Units wt and Regulator Rt: 

Consider a basis of X{T)oo given by ^i, . . . ,^roo such that ^i,... is 
a basis of X{T)q. That such a basis can be chosen follows from the fact 
that X(T)q is a primitive sublattice of X(T), being the fixed set of a group 
action. Now, the unit group T(Q) n r(Z) has the decomposition 

r(Q)*°'' X E, 

where E is a free abelian group of rank roo — r and T{QY°^ = T(Q) n T(Ay 
is finite, since its both compact and discrete in T(A). Pick a basis for E. 
Define the number wt and the regulator Rt as follows: 

WT = |r(Q) n r(A)'=| , 

and 

Rt = |det(log|^r+i(ej)|)|,l < i,j < Too - r. 

Note that for T = Rcsl/qG rat Wt is the number of roots of unity in L, 
while Rt is the regulator of L. 

3.3. Quasi-residue pT- 

Let p : Gal(Q/Q) GldiZ) be the representation corresponding to T, 
and let pQ be the induced rational representation. We can then consider the 
Artin L-function L{s,pq). Recall that r is the rank of X{T)q and define 
the quasi-residue pT of T to be 

PT := lini(s - IYL{s,pq). 

Note that for T = Resi/qGrn, PT is the residue at s = 1 of the Dedekind- 
Zeta function Cl{s)- 
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3.4. Tamagawa number tt- 

Fix an invariant gauge form a; on T defined over Q. Then w induces canon- 
ically a Haar measure Uy on T{Qy) for each v. Moreover, for almost ah finite 
primes p we have Lp{l , pQ)ujp{T (Zp)) = 1, and so UooYlp Lp{l, pQ)u}p{T{Zp)) 
defines a Haar measure lot on T(A), which is moreover independent of the 
original choice of u by the product formula. 

Define r(A)i to be the kernel of the map A : r(A) {R'lY given by 

Mx) = {\\^i{x)\\Q)l<i<r 

where || • ||q denotes the Idelle volume of Q. Pulling back the measure 
A'^^^t^^dti gives us a measure di on T{A)/T{A)^ . Let m be the measure 
on r(A)^ such that m and di glue together to give pTp^ujT- We define the 
Tamagawa number tt to be the measure of T(A)^/T(Q) under m. 
For T = Resii^Grrii the Tamagawa number is 1. 

3.5. Quasi-Discriminant Dt- 

Assigning r(M)'^ measure 1 and gluing it with the measure A^^^^d^j on 
T(M)/r(M)'^ we get a measure on r(M) which we also denote by di. Now, 
define 

CT = -^WLp{l,pQ)ujp{T{Zp)). 

p 

The quasi-discriminant Dt is defined to be Dt = l/c^. 

For T = Resi/qGm the quasi-discriminant Dt is the ordinary discrimi- 
nant Dl. 

3.6. Analytic Class number Formula for Tori: 

We have the following result of Shyr |14j : 

Theorem 3.1. (Shyr) 

The following equality holds: 

Ht ■ Rt = Pt ■ wt ■ Tt ■ I-DtI^^^- 
For T = Resi/QGm, this reduces to Dirichlet's class number formula for 

L. 

4. Brauer-Siegel formula for Tori 

Define X to be the splitting field of T, and let Dk be its discriminant. 
Set d to be the dimension of T and n to be [K : Q]. In this section we 
use Shyr's class number formula to derive a Brauer-Siegel theorem for Tori 
by estimating the sizes of the invariants wt^Pt^^t and Dt with respect to 
Dk- We show that except for Dt, the invariants are all small. To make this 
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precise, we find it useful also to introduce the following notation: A function 
F(T, K) is said to be discriminant negligible if Ve > 0, we have 

Lemma 4.1. pT is Discriminant negligible. 

Remark. This is the only part of the paper which is ineffective. That is, 
we cannot write down a Ce,n,d > such that 

. D-^' <\F{K,T)\<C,^nA - D^K- 

This stems from Siegel's ineffective lower bound for L{\,x) where X ^ qua- 
dratic dirichlet character, and is the reason why the Bruaer-Siegel theorem 
14- 7| and our lower bounds for Galois orbits of CM points are all ineffective. 

Proof. Let L be a subfield of K such that Gal(i^/L) is Galois, and x be a 
character of Gal(L/Q). Then the estimate 

«, L{x, 1) «e Dl, 

is known by Siegel's work. By Brauer's induction theorem L{pQ, 1) can 
be expressed as a quotient of products of such L-functions, and the result 
follows. 

□ 

Lemma 4.2. tt = On,d(l)) o.nd 1/tt = 0,1^^(1). Therefore tt is Discrimi- 
nant negligible. 

Proof. The Tate-Shafarevich group Illr is defined to be the kernel of the 
map 

i/HGal(Q/Q),r(Q)) ^ \{h\Gs1{Wp/%,T{%)). 

p 

A result of Ono [9] says that 

IUItI 

\m{Gai{K/q),x{T))\- 

Now, since we are fixing d and n , the group Gal(i^/Q) is in one of a 
finite number of isomorphism classes of groups and by lemma [2T] the pair 
{Gal{K , Q) , X (T)) goes over a finite set of isomorphism types of {G,M) 
where G is a group and M is a representation of G. 

Therefore \H^{Gal{K/Q),X{T))\ is 0„,d(l). Likewise, as stated in the 
proof of ([l2],Prop 6.9) the group UIt is a quotient oi H'^{Gal{K/Q), X{T)) 
and so its order is On,d(l) by the same argument. 

□ 

Lemma 4.3. The order of the group of units satisfies wt = On,d(l)) o,nd 
so Wt is Discriminant negligible. 
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Note r(Q)*°'^ is a subgroup of r(K)*°'' ^ {{K'^f'^'Y. The degree of a 
primitive q'th root of unity over Q is (/>(g). Since goes to infinity with 
q and the degree of K is d, the order of the unit group of K is 0(i(l). The 
result follows. 

Lemma 4.4. Lei T and T' he isogenous Tori in C{K/Q), of dimension d. 
Then DT = DT'-0,4,n{D'K)- 

Proof. By Lemma l2 . 1 1 there exists an isogeny X : T ^ T' between T and T' 
of degree m, where m = Orf^„(l). For each finite prime p this induces a map 

: T{Zp) T'{Zp). Define q{X^p) = '^Keff^i ' • Then by the discussion at 

the beginning of section 4 of [14j, we have 

Dt/Dt' = l[q{x;). 

V 

Now, as Shyr points out at the end of section 2 of |;14j, g(Ap) = 1 for all 
primes p that are unramified in K and satisfy {p,m) = 1. Since A is an 
isogeny of degree m, it factors through the xm map, and so we have 

|Coker(Ap| < |T'(Zp)[m]| < |T'(Q;)[m]| = m'^. 

Setting S to be the set of all primes ramified in K, we thus have 

from which the result follows. 

□ 

Corollary 4.5. Let T be a torus in C{K/Q) of dimension d. Let p be 
the associated integral Galois representation, and pQ the induced rational 
representation. Let fp be the norm of the Artin conductor corresponding to 

Pq. Then is Discriminant negligible. 

Proof. For tori of the form i?^/(Q(Gm), where L is a subfield of we actually 
have equality since the Artin conductor and the quasi-discriminant are both 
equal to the discriminant of L. By Theorem 1.5.1 in [10] there are integers 
m,mi,ni of size 0„^d(l) such that T"^ x Y\i{RLi/Q{^m))"^' is isogenous to 
YliiRLi/Qi^m))""^ where Li goes over all subfields of K. Since both the quasi- 
discriminant and the Artin conductor are multiplicative under products, the 
corollary now follows from Lemma 14.41 

□ 

The following lemma is essential in showing that the class number of Tori 
is large in terms of the Discriminant of the splitting field. 

Lemma 4.6. IfK is a Galois extension o/Q of degree n and p : Gal{K/Q) — ) 
GL{V) is a representation of Gal{K/Q) on a complex vector space V with 
trivial kernel, then 

fp:>n Dp. 
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Proof. Let p : Gal(i^/Q) — )• GL(V). Since p has trivial kernel, its non-trivial 
on all non-trivial inertia groups. Let Ip denote the inertia group of a prime 
over p. Since Vp{fp) > dimc{V/V^p), each ramified prime p oi K divides 
fp. Now, each prime which is tamely ramified divides Dk with exponent at 
most n — 1. Since the contribution of the wildly ramified primes is a priori 
bounded by the dimension, we have 

P 

where the product is over ramified primes in K. This implies the lemma. 

□ 

Putting together all the above we arrive at 
Theorem 4.7. (Brauer-Siegel Theorem for Tori) 

Let T be a torus of dimension d in C{K/Q) with [K : Q] = n, with K being 
the minimal splitting field ofT. Let hx, Rt be the class number and regulator 
of T respectively. Also, let p be the associated integral representation of 
G'a/(Q/Q) and pQ the induced rational representation. Let fp be the norm 
of the Artin conductor corresponding to pQ. Then we have 

^ ln(/iT-RT) = ^ln fp + o„,d(ln Dk) 
= (i + o„,,(l))ln/. 

Proof. The first equality is an immediate consequence of the previous lem- 
mas and Theorem 13. 11 The second equality follows from Lemma [4. 6 1 and the 
fact that K is the minimal splitting field for T. □ 

5. Structure theorems for Class groups of Tori 

We focus in this section on the following setup: Suppose we have a map 
: 5 — 7- T of tori defined over Q. This then induces a map of class groups 
00 : Cls — ?• CIt, and we wish to understand how large the image of cpo is. 
This question can be very difficult. For instance, suppose that S = T and (j) 
is the map sending t to f^. Then the question reduces to understanding the 
size of the group ClT[n], and bounding torsion for class groups of number 
fields is notoriously difficult. We show, however, that this is essentially the 
only hard case. More precisely, we prove the following theorem: 

Theorem 5.1. Let 



1 > S ^^T^^U >1 
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be an exact sequence of Tori, where S,T, U are in C{K/'Q), [K : Q] = n and 
the dimension of T is d. Then the homology groups of the induced sequence 

1 > Cls — ^ CIt Clu > 1 

are Discriminant negligible. 

Proof. For a torus T define Cl{T) to be T{Q)\T{Af). By considering the 
cohomology sequence associated to the exact sequence 

(2) 1 yT{K) >r(A^) >T{K)\T{A^) >1 

we see that there is an injection 

V'T : Cl{T) ^ H^{Gal{K/q),T{K)\T{A^)). 

Moreover, the image contains the image of the norm map on T{K)\T{A^) 
and thus the size of the cokernel of ipT is at most the size of the Tate co- 
homology group H°{Gal{K/Q),T{K)\T{A^)). By Nakayama-Tate duality 
this is isomorphic to H'^{Gal{K/Q), X{T)) which is 0„,d(l) by LemmaO 
as has already been discussed. 

Now, suppose we have an exact sequence of Tori 

1 > S ^-^T^^U >1 

as in the statement. We first prove that go has a small cokernel, and then 
that /o has a small kernel. The theorem then follows since hT{hshjj)~^ is 
Discriminant negligible by lemma 

• 50 has small cokernel: 

Since all our tori become split over K, we have an exact sequence 

1 > S{K)\S{A^) — ^ T{K)\T{A^) U{K)\U{A^) > 1 . 

Taking Cohomology, we get an exact sequence 
H^{Ga\{K/Q),T{K)\T{A^)) ^ H^{Ga[{K/Q),U{K)\U{A^)) ^ H^{Gsi\{K/q),S{K)\S{A^)). 
By Nakayama Tate duality, 

H'^{Gal{K/<l}),S{K)\S{A^)) ^ H\Gal{K/q),X{S)) 
and is thus of size 0„^rf(l). Consider the commutative diagram 

Cl{T) >Cl{U) 

H%GaliK/Q),T{K)\T{A^)) > H\Gal{K/(Q), U{K)\UiA^)) 

The downward maps are injective with cokernels of size 0„^rf(l) 
and the bottom map has cokernel of size On,rf(l), so the map Cl(T) — )• 



i'u 
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Cl{U) must also have cokernel of size On,di^)- Finally, consider the 
commutative diagram 

Cl(T) > Cl{U) . 



go 



^Clu 



CIt 

The top map has cokernel of size 0„^rf(l) and the downwards maps 
are surjective, so we see that qq also has cokernel of size On^i^)- 
• fo has small kernel: 

For a ring R, we consider S (R) as a subgroup of T{R) . We have 



ker(/o 



r(z)T(Q) n s{Af) 



5(Z)5(Q) 



By group theory we have: 



r(i)T(Q) n5(A/) 



s{z)s{q) 



< 



T{Z)nS{Af) 



S{Z) 



T{Z)S{Af)nT 



5(Q)(r(z)nT(Q)) 



The first term on the right hand side is 1 since S(Z) is the maximal 
compact subgroup of S{Af). For the second part, consider the map 
g from T{Af) to U{Af). Since the kernel of g is S{Af) and 

r(Q)n5(A^) = 5(Q), 

this induces an injective map g on 

T(z)5(A/)nr(Q) 

S{Q){T{±)nT{Q)y 

The image of g on T{Z)S{Af ) n T(Q) lies inside U{Q) n U{Z). 
Now, 

c/(Q) n u{Z) = uiqy^ x Eu 

where Eu is a finitely generated free abelian group of rank at most d. 
Also, corresponding to the map g : T ^ U there is a map h : U ^ T 
such that g o h IS the multiplication by m map on U, where m = 
On,di^)- This implies that the image of g on S{Q){T{Z) fi T{Q) is at 
least the image of the multiplication by m map on Eu. Therefore, 
the size of the image of g is bounded by • |i7(Q)*°''| < m'^-wu, 

which means ker{fo) = Od(l) as desired. 



□ 



As a byproduct of the above, we get the following important corollary, 
which can be considered as a very general transfer principle for torsion in 
class groups. 



12 



JACOB TSIMERMAN 



Corollary 5.2. Let M he a fixed finite ahelian group on which Gal{K/(Q) 
acts, where [K : Q] is bounded by n. Let Ti,T2, Si, S2 be Tori which split 
over K whose dimensions are bounded by d. Let (pi : Ti ^ Si,i = 1,2 be 
maps which are surjective as maps of Tori, and such that the cokernel of 
X(Ti)* —7- X(Si)* is isomorphic to M as a Gal{K/'Q) module. Finally, let 
Ci be the size of the cokernel of the induced map : C/t- — )• C/5-. Then ^ 
is discriminant negligible. 

Proof. We shall work with cocharacters for the purpose of this proof. We 
have maps ij^i : X{Si)* — )• M whose kernels are 0i(X(Tj)*). Let 

Ls c x{Siy ® x{S2)* 

be the kernel of the map 

$ : X{Siy ® X{S2y M 

defined by ^{a, b) = tpi{a) + ip2{b), and let U be the torus whose cocharacter 
module is Lg. We then have the following commutative diagram: 

> x{Tiy — - — > x{Siy — — > m — > o . 

> X{Ti e Ta)* > Ls > M > 

> x(r2)* — ^ 02(x(r2)*) 

The vertical and horizontal sequences are exact. Now consider the induced 
diagram on Class groups. Since (p2 is surjective, it follows from theorem 15. II 
that the induced map on class groups is surjective up to discriminant negligi- 
ble factors. Also, the induced vertical sequences are exact up to discriminant 
negligible factors. Let C be the size of the cokernel of CIti ® C/t2 — ^ Clij. 
An application of the snake lemma shows that ^ is discriminant negligible. 
Likewise, ^ is discriminant negligible. The result follows. 

□ 

We denote the size of the above cokernels by CL{M). This quantity is 
well defined only up to a discriminant negligible factor. We formulate below 
a simple lemma that we will use in the subsequent sections: 

Lemma 5.3. Let — )• Mi — )• M — )• M2 be an exact sequence of 
Gal{K/Q) modules. Then 

max(CL(Mi),CL(M2)) < CL{M) < CL{Mi) ■ CL{M2). 

Proof. Consider Gal(K/Q)-lattices Li,L2 such that L1/L2 ~ M. by pulling 
back Ml we can find a lattice L3 containing L2 and contained in Li such that 
L3/L2 ~ Ml and L1/L2 ~ M2. Let S,T,U be the Tori whose cocharacter 
modules are Li, L2, i^s respectively. We have maps f : T ^ U and g : U ^ S 
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corresponding to the inclusion of the cocharacter modules. This induces 
maps on class groups: 

CLt — ^ Clu CLs . 

By corollary [O we have ker{f o g) CL{M),ker{f) « CL(Mi), and 
ker{g) ~ CL{M2) up to discriminant negligible factors. Moreover, since the 
Tori are all isogenous their class groups have the same size up to discriminant 
negligible factors by theorem 14. 7i The result follows. □ 

As an important special case, suppose M is a finite Galois module with a 
trivial Galois action. Then M can be expressed as a quotient of Z*^ for some 
integer n, where we consider as a Galois module with a trivial Galois 
action. is the cocharacter module of (Gm)", and since the class number 
of Q is 1, we conclude the following 

Corollary 5.4. Let M be a finite module with a trivial action of the Galois 
group. Then CL{M) is discriminant negligible. 

We now give a further interpertation of the class groups of Tori, and of 
the groups CL{M). Though not necessary for the main results of this paper, 
we feel that the next theorem and its corollary shed light on the nature of 
these objects. 

Suppose T is a torus of dimension d in C{L/Q), [L : Q] = n. Denote the 
Galois group of L over Q by G. We then have natural isomorphisms : 

T{Q)^HomG{X{T),T{L)) 

T{Af) ^ HomG{X{T),T{ALj)) 

T{Z) ^ HomG{X{T),T{dL) 

We thus have a natural map from CLt to HomGiX{T),CL{L)). 

Theorem 5.5. Let T be a torus of dimension d inC{L/Q). Denote the Ga- 
lois group of L overQ by G. The natural map from CLt to HomG{X(T), CL{L)) 
has discriminant negligible kernel and cokernel. 

Proof. Let Ul denote the unit group of L. We have the following exact 
sequence 

1 ^ Hom{X{T),dL/UL) Hom{X{T),ALj/L'') Hom{X{T),CL{L)) 1 
or equivalently 

1 ^ Hom{X{T),OL/UL) T{Alj)/T{L) Hom{X{T), CL{L)) 1 
Taking G-invariants gives the associated exact sequence 



1 ^ HomG{XiT),dL/UL) ^ {T{AL,f)/T{L)f ^ HomG{X{T),CL{L)) ^ H\Ol/Ul)) ^ 1 
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Now, there is an embedding of T{Af)/T{Q) into T{Klj) /T{L))^ and 
Nakayama-tate duality implies that the cokernel is discriminant negligible , 
as in shown in the proof of theorem 15. 1[ We now analyze the second term 
Ol/Ul. Consider the exact sequence 

1 ^ HomiX(T),UL) ^ TiALjT ^ HomiX(T), Ol/Ul) ^ 1. 
Taking G-invariants gives us the exact sequences 

1 ^ r(Q)nr(Z) ^ r(Z) ^ HomGiX{T),dL/UL) ^ H\Hom{X{T),UL)) 
and 

H\Hom{X{T),UL)) ^ H\T{AljT) ^ H\Hom{X{T), Ol/Ul)) ^ H\Hom{X{T),U{L))). 

As [/l is a finitely generated abelian group of rank bounded by the degree 
of L, all its cohomology groups are of bounded cardinality. The theorem thus 
follows from the following lemma: 

Lemma 5.6. The cohomology group H^{T{Ol)) is finite and discriminant 
negligible. 

Proof. Note that we have the decomposition 

H\T{dL)) = ®vH\T{Ol,v))- 

Let be a place lying over a finite prime p such that it is unramified. 
Then by local class field theory, O^^^ is a cohomologically trivial module, 
and thus by Nakayama ([8], Th. 2) H^{T{Ol,v)) is trivial. 

If V is ramified, consider the exact sequence 

1 ^ T{Ol,v) ^ ^ X{T)* ^ L 

By Nakayama- Tate duality, the cohomology groups of T{L^) are bounded in 
terms of the degree of L. By looking at the associated long exact sequence, 
It thus follows that the same holds for T{Ol^)- Let S be the set of primes 
ramified in L. The lemma now follows from the fact that 2^^^ is discriminant 
negligible. 

□ 
□ 

We have the following corollary to the groups CL{M): 

Corollary 5.7. Let M be a finite module of the galois group Gal{Q/Q), 
which factors through the galois group G of a number field L. Let M* denote 
the dual module Hom(M,Q/Z). Then up to discriminant negligible factors, 
we have the equality 

CL{M) = \HomG{M\CL{L))\. 
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Proof. Let : T — )• be a map of isogenous tori that split over L such that 
the cokernel of the induced map X{T*) — )• X{S*) is M. This imphes that 
the cokernel of the map X{S) — )■ X{T) is M* . 

By theorem 15.51 up to discriminant negligible factors CL{M) is the size 
of the kernel of the map 

HomG{X{T), CL{L)) HomG{X{S), CL{L)), which is exactly HomciM* ,CL{L)). 

□ 

6. General Transfer Principles for Class Groups 

We can apply corollary 15.21 to derive transfer principles for torsion in class 
groups of number fields in the following way: Take K to be an algebraic 
number field and consider the multiplication by n map on T = ResK/qGrn- 
The cokernel of the induced map on class groups is precisely CL(K)[n], so 
if we let M be the finite module X{T)*/nX{T)* then CL(M) = CLlK)[n]. 

As an example, consider a cubic field K thats not normal. Let L be its 
Galois closure, and k the quadratic subfield of L. This is called the quadratic 
resolvent of K. Then a result of Gerth [6] says that the 3 torsion in CL(K) 
and CL(k) are the same up to a factor of Oe{D]^). We can recover this 
result as follows: 

Identify the Galois group G = Gal(L/Q) with 5*3. The 3-torsion in CL(K) 
corresponds to the G-module M generated by 01,02,03 over F3 with the 
natural permutation action by 53, while the 3-torsion in CL{k) corresponds 
to a G-module N , which is isomorphic to the submodule of M generated by 
oi — 02 and 02 — 03. Moreover, M/N is a trivial G-module. By corollary 15.41 
we have that CL{M/N) is discriminant negligible and so the result follows 
by lemma [5l3l 

Similarly, suppose X is a quartic field whose normal closure K has 5*4 
Galois group over Q. There are 3 subgroups of S4 of order 8, all conjugate 
and isomorphic to dihedral group with 8 elements -D4. Pick one of these, 
and let F be its fixed field. F is called the cubic resolvent field of K. We 
have the following result relating 2-torsion in quartic fields to 2-torsion in 
the corresponding cubic resolvents. This result is new as far as the author 
knows: 

Lemma 6.1. Let K be a quartic field, and F be its cubic resolvent. Then 
the 2-torsion in CL{K) and in CL{F) are the same up to a factor of size 

Proof. Let L be the Galois closure of K and assume for simplicity that 
G = Gal(L/Q) ~ 54. Let M and N be the G-module corresponding to 
GL{K)\^] and C-L(F)[2] respectively. As before, M corresponds to the F2 
vector space generated by 01,02,03,04 with the natural permutation action 
of 5*4. We have a 1-dimensional trivial submodule Mq of M generated by 
oi + 02 + 03 + 04. Set Ml to be M/Mq. Now, let M2 be the submodule of 
Ml generated by oi + 02,01 + 03, so that M1/M2 is a trivial G-module. A 
basis for as a module over F2 is given by 61 , 62 , ^3 where the 5*4 action is 



16 



JACOB TSIMERMAN 



given by identifying the bi with the right cosets S/^/D^. We have a trivial 
1-dim submodule A'o given by 61 + 62 + 63, and N/Nq M2 as 54-modules. 
Now, by applying corollaries 15.31 and 15.41 we get 

Cl{M) = C/(Mi) = Cl{M2) = Cl{N/No) = Cl{N) 

as desired. 

□ 

We end this section with some general remarks on torsion in class groups. 
One expects that all torsion is discriminant negligible. For positive integers 
n, d, Zhang [18j conjectures the bound 

(3) Cl{K)[n] «, Dj, 

as K varies over number fields of degree d. We can phrase Zhang's conjecture 
in our language in the following way: Fix a group G and a finite G-module 
M. Now, suppose K is a Galois number field with Gal(-fC/Q) w G. We can 
then consider M as a finite Gal(/C/Q) module. It then makes sense to talk 
about Cl{M), leaving K out by abuse of notation. 

Conjecture 6.1. For all finite modules M , the function Cl{M) is discrim- 
inant negligible. 

It is not hard to see that 16.1 1 is equivalent to Zhang's conjecture. Zhang's 
conjecture is the special case where the module M is the regular representa- 
tion of G over Z/nZ for some positive integer n. However, since all modules 
are quotients of direct sums of such regular representations, the equivalence 
follows from corollary 15. 3i 

• In light of conjecture 16.11 the result of Gerth and lemma 16.11 might 
not seem that interesting, since all torsion is supposed to be Dis- 
criminant negligible! In fact, Gerth [6] proves a much more precise 
relationship between the 3-torsion group of a cubic field and its qua- 
dratic resolvent, in terms of ramification. By following the proof of 
theorem 15.11 more closely one can prove that Gl{M) is well defined 
up to, roughly speaking, the contribution from the ramified primes 
in K. Thus, the statement of lemma 16.11 could likely be refined to 
say that the 2-ranks of a quartic field and its cubic resolvent are the 
same up to ramified primes. As our main interest is in Galois orbits 
of CM points, we do not pursue this. 

• In fact, Brumer and Silverman [IJ asked whether the right hand side 

c c 

of dSI) can be replaced with " ^ . The value ^ ^ can be 
best understood in terms of the ramified primes in K. These are 
precisely the primes dividing Dk- Now, for Sk denoting the number 
of distinct primes dividing Dk, one can verify 
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with equality for Dk equaling the product of the first X primes 
(X ~ h^nDK ' 2-torsion of certain quadratic fields the 

bound is tight. 

• The above methods cannot recover some transfer principles, such as 
the Scholtz reflection principle which relates 3-torsion in the qua- 
dratic fields Q{'\/TD) and 3-D), or the work of Ellenberg and 
Venkatesh[5]. This is because these principles use heavily class field 
theory, which has not been an input in our work thus far. Nonethe- 
less, one can rephrase and generalize these reflection principles in 
this language. 

7. Applications to Lower bounds for Galois orbits 

In this section we apply results of section 5 to the study Galois orbits 
of special points in higher rank. Let Ag^i{C) denote the moduli space for 
principally polarized complex abelian varieties of dimension g. We also let 
Mg denote the Siegel-Upper half space, so that 

Ag^liC) « GSp2g{Qm9 X GSp2g{Af)/GSp2g{t). 

Prom now on, given a field F we refer to the torus Respj^Gm simply as . 

Let X be a CM point in Ag^i corresponding to a principally polarized 
Abelian variety Ax- We set Rx to be the center of the ring of endomorphisms 
End{Ax) of Ax- All of the CM points in Ag^i{C) are known to be defined 
over Q, and so admit a natural action of the Galois group Gal(Q/Q). We 
recall conjecture [TTT] for the convenience of the reader: 

Conjecture 7.1. There exists a positive constant Sg such that the inequality 
\Gal{Q/Q) ■ x\ »g Disc{RxY^ holds for all e > as x varies over all CM 
points in Ag^i. 

We begin by reviewing the description of the Galois action on A in terms 
of the CM theory. 

7.1. Background on CM theory. Let ^ be a principally polarized com- 
plex CM abelian variety, which we shall take to be simple for the moment. 
Then there is a CM field K such that 

End{A) ^zQ = K. 

We let F denote the maximal totally real subfield of K. Moreover, there 
is a set 5" = {(I)i,(p2, ■ ■ ■ ^(pg} of complex embeddings of K such that the 
representation of K on the complex tangent space of A is given as the direct 
sum of the 1-dimensional representations induced by S. Moreover, S L) S 
give all embeddings of K into C. Let L denote the normal closure of K and 
Sq be all the embeddings of L into C which induce an element of S on K. 
The pair (K, S) is referred to as the CM type of A. Since A is simple, {K, S) 
must be a primitive CM-type, which means that the right stabilizer of Sq 
in Gal(L/Q) is Gal{K/Q). 
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Now, let MT^ denote the torus which is the pre- image of the torus 
under the norm map on iC, so that 

Mr° := keriK"" ^ F^/Q^,a ^ aa). 
Then corresponding to A there is an embedding of algebraic groups: 

0^ : MTO ^ GSp2g, 
and moreover we have the equality 

cj>,{MT^iQ)) n GSp2g{t) ~ End{Af, 

where 

End{Af := {a G End{A) \aa£Z}. 
Now, there is a reciprocity morphism : ^ MT^ given by 

r.{a) = n ^"'(«)- 

reSo 

Since the morphism rx depends only on the CM type {K, S) we denote it 
also by rK,s- In the future, if there is no confusion we drop the S and simply 
write rx- We can consider the map 

sx : (A^)^ ^ GSp2g{q)\mg X GSp2giAf)/GSp2g{Z) 

given by 

s^{a) {x,(f)^ o r^(a)). 

The image of Sx is equal to the Galois orbit of the CM point representing 
A. Moreover, there is a unique arithmetic subtorus MTx ^ MT^ such 
that Tx is surjective onto MTx as a morphism of tori, and we call this the 
Mumford-Tate group of A. 

We now review the general theory where A is not necessarily simple. In 
this case A is isogenous to a product A^' where each Ai is a simple Abelian 
variety with CM such the Ai are mutually non- isogenous. Let {Ki,Si) be 
the CM type of Ai (Note that it does NOT follow that the Ki are mutually 
non-isomorphic!). Let L denote the compositum of the normal closures Lj 
of the Ki, and Sf be the set of embeddings of L into C which induce one of 
the Si on Ki. Let Fi denote the maximal totally real subfield of Ki and set 
Mr° to be the preimage of under the norm map on Ilj-^i that 

MT" := kerillK;^ ^ (Y[f^-)/Q- ,a ^ ad). 

i i 

As before, there is an embedding 

(f>x ■■ MT^ GSp2g 
and moreover we have the identity 

MMT^iQ)) n GSp2g{Z) ^ Z{End{A)f, 
where Z{End{A)) is the center of End{A) and 

Z{End{A)f := {a G Z{End{A)) \ ad G Z}. 
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The reciprocity morphism : — )• MT^ is now defined to be 

rx{a) = ill T'\a)),, 

where we consider MT^ as a subtorus of Y[i ■ Again, there is a unique 
arithmetic subtorus MTx ^ MT^ such that is surjective onto MTx as a 
morphism of tori, and we call this the Mumford-Tate group of A. As before, 
the image of the composition 

Sx : (A^)X ^ GSp2g{Qm9 X GSp2g{Af)/GSp2g{t) 

is the Galois orbit of the CM point representing A. 

7.2. Reducing to fields. Consider for a moment conjecture 17. II in the case 
where yl is a simple CM abelian variety with CM by a field K such that 
the endomorphism ring of A is the full ring of integers in Ok- Then the 
map (j)x o Vx factors through 

-.CIl^ CIk- 

A positive answer to conjecture (TTT] would thus require a positive answer to 
the following conjecture, which is purely a conjecture about fields: 

Conjecture 7.2. Let K he a CM field of degree 2g, and let S he a primitive 
CM type for K. Let L he the normal closure of K , and let rx denote the 
reciprocity morphism from L^ to corresponding to S. Then there exists 
6{g) > such that 

\im{fK : CL{L)\ CL{K)) >g., Disc{K)^^3)-e _ 

Our aim in this section is to show that conjecture 17.21 implies conjecture 
17. 1[ We then devote the remaining sections to the study of conjecture 17.21 
using the results of sections 4 and 5. 

Theorem 7.1. // conjecture \ 7. S\ holds for all fields of degree 2h, with h < g, 
then conjecture \7.1\ holds for Ag^i. 

Let X be a CM point representing a principally polarized abelian variety 
A. We use the notation of section 7.1, so that A is isogenous to Hj^r'' 
{Ki,Si) is the CM type of Ai, and we set Rx to be the center of End{A). 
Note that i? is in a natural way a subring of (BiOxi- For ease of notation, 
we define Ox = (BiOxi- 

Now, let 

Kx = MTxiAf)nGSp2gm 

so that Kx is a finite-index subgroup of the maximal compact subgroup 
MTxi±) of MTxikf). 

By Yafaev ([17], proposition 2.8), there is a finite index compact subgroup 
Kg of GSp2g{Z) such that if K'^ = Kx H Kg, then the map 



MTx{Q)\MTx{Af)/K', > GSp2g{Q)\Mg x CSp2g{Af)/Kg 
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is injective. It follows that 

(4) |Gal(Q/Q) • x\ >g \im[{A'jY ^ MT^{q)\MT.,{Kj) / K,]\ 
Now, Rx is naturally a subring of Ox, and 



Disc(i?,) = [MTxit) : Kx]^ X{Dk,. 



i=l 

Let ix denote the set of primes p where p divides [Ox ■ Rx]- By Ullmo- 
Yafaev ([15j. lemma 2.13), there is a positive constant B depending only on 
g such that 
(5) 

|im[(A{)>^ ^ MTxiQ)\MTx{Af)/Kx]\ >g Bl*-'-[Mr,(Z) : Kx]-\im : C;(L) ^ CImt. 
Let us first deal with the second term. There is a surjection 

irr. MTx ^ MTa,, 

and we have the equality 

where -/V^/^. is the norm map from L to Li . By class field theory the norm 
map on class groups has cokernel bonded by the dimension of the fields. 
Since we are also assuming conjecture 17.21 it follows that 

Vi, \im : CL{L) ^ CWJ >g D^^f 

where gi is the dimension of Ai. 

In particular, this proves the theorem unless the index [Ox ■ Rx] grows 
faster than any power of the discriminants D^i- Thus, the theorem will 
follow once we prove the following 

Lemma 7.2. There are constants Cg > 0,dg such that 

Proof. We must first show that is impossible for Rx to decrease without Kx 
also decreasing. To that end, we have the following elementary lemma: 

Lemma 7.3. AITx{Q) generates (BiKi as a ring. 

Proof. First, it follows from Si being a primitive CM type that the only 
elements of Gal(Lj/Q) which fix r^j(a) for all a £ Li are in Gal{Li/ Ki). 
Thus MTx{Q) generates a Q-algebra E in (BiKi which surjects onto Ki for 
each i. Likewise, since the Si are pairwise inequivalent, the only elements 
of the Galois group of the Galois algebra (BiLi which fix E are those in the 
group ©jGal(Lj/i^j). The lemma follows. □ 
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For a G L{Zp), define 

S{a) := j;r-i(a). 

res 

Note that we have the identity 

We shall need the following more refined version of lemma 17.31 

Lemma 7.4. There is a constant C depending only on g such that we can 
pick a G L{Z,p) with Zip[S{a)] having index at most p'~" in Ox- 

Proof. Let ■0j denote all the ring homomorphisms from {Ox)p to Qp over Qp. 
Then the index of Zp[5(a)] in Ox is given by Vp{i{a) where 

^{a) = l[i^P,iSia))-i;,{S{a)). 

Now, we consider 

■0i j = Ipi O S — O S 

as a linear map from L to L. The lemma will follow once we show that 
there is uniform constant C and an element a £ L(Zp) such that Vp{jpij) < 
p'-' . To prove this, recall that if we take a Zp basis /3j for L{Zp) and let 
(cji, . . . , am) be the elements of the Galois group of Lp then the p- valuation 
of the determinant of the matrix {(yj{(ii)) is the discriminant of Lp and 
therefore bounded by p^ for some absolute constant C. If we replace ci in 
the matrix by ■(/'ij then the determinant scales at most by the p-power of the 
coefficient of cti in ipij, which is uniformly bounded. This finishes the proof. 

□ 

Since 

[MTx{±) : Kx] = l[[MTx{Zp) : 
p 

and 

[Ox : Rcc] = ntn ®^ • ®^ 
p 

the question is essentially reduced to a local one. 

By the proof of lemma 3.12 in [15], if p is unramified in L and ^'|[0x : Rx] 
then 

[MTxilp) : {Kx)p\:>p. 
To finish the proof, we therefore need only to consider the case where 

[Ox : Rx] 

is divisible by a very large power of some prime p. The lemma 17.21 and 
theorem 17.11 thus follows from the following lemma: 

Lemma 7.5. There is an integer m depending only on g such that ifp'^\\[MTx{7jp) : 
{Kx)p], then p"^^"'~^^^ does not divide [Ox ■ Rx]- 
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Proof. Pick a as in lemma 177^ so that the index if Zp[5(a)] in Ox is bounded 
by p'^' . Now set h be the dimension of Ox and define (3i := e*^^'^^"^ for 
< i < /i - 1. Note that /3i G Kx- 



ft . , , . ..... '"'^;;::^|°>"' . ,0.), 



The matrix 



Mh = {^)o<i,h<h~l 



is invertible with some determinant m/j. Thus, if > n + C + rrih we 
see that the span of the (3i contains p^^-^-^ . {{Ox)p/p ■ {Ox)p) and thus 
pNh-g-i^Q^-^^ by Nakayamas lemma. But this means that 

[Ox : R.] < p^^'-^'-~\ 

which finishes the proof. 

□ 



□ 



7.3. General Lower bounds under the Generalized Riemann Hy- 
pothesis. 

Assuming the Generalized Riemann Hypothesis for CM fields, Yafaev^T] 
proved a lower bound for Galois orbits of special points of the form C]\flog{DK) 
for any > 0. The idea of his proof was to use small split primes to gener- 
ate a large number of distinct elements of CL{K). We present here a slight 
refinement of his method which allows us to get a polynomial lower bound 
in Dk, thus showing that GRH implies a positive answer to question 1.1 
in general. Yafaev worked over a general Shimura variety. For simplicity 
of exposition, we shall only present our method for the case of Siegel space 
Ag^i, as this allows us to work classically, although the method applies just 
as well for any Shimura variety. The idea is that while Yafaev used very 
small split primes to generate a large amount of class group elements, we 
use much larger split primes (a small power of the discriminant) to represent 
lots of distinct elements in the class group. 

Theorem 7.6. Assume GRH for CM fields. Then 

\im{rK)\ >g,. . 

Proof. Let 5 denote the element of Gal(L/Q) representing complex conju- 
gation. Consider unramified primes p, q which splits completely in K, and 
therefore also in L. Choose prime ideals P,Q in Ol above p,q respec- 
tively, and suppose that rx{P) = r^iQ) as elements of the ideal class group 
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CL{K). Then there is an element x G K such that 

^ ' TKiQy 

and hence 



rK{Q)rK{P^) 

Since K is a. primitive CM type and P and Q are totally split, ^ must 
generate K over Q. Now, consider the element 

pqx 

Then y is an algebraic integer which generates K over Q. Moreover, all 
conjugates of y are of absolute value pq. Since Disc(Z[y]) > Dk we arrive 
at the inequality 

1 

M»5 D^. 



1 

It follows that \im{rK)\ > | P splits completely in K and p <^g }. 

e. 

□ 



1 

Since GRH implies the existence of at least such primes, we are done. 



7.4. Setting up the combinatorics. 



For each g, define Wg to be the Weyl group of order g, which we will view as 
a group of signed permutations. That is, an clement of Wg is a permutation 
a in Sg together with a choice, for each i, of sign dj. If cr(i) = j, then we see 
say that a takes i to j with sign cjj G {+1,-1}. We define composition by 
multiplying signs. That is, (cr o r)(i) = a{T{i)) and (a o r)j = fjT-(j) • Tj. It is 
convenient to use the following notation for an element of Wg: the element 
a = (l+3~)(2~) is used to denote the permutation (13)(2) which takes 1 to 
3 with positive sign, 3 to 1 with negative sign and 2 to itself with negative 
sign. So for instance, = (1~)(3~)(2"'"). Note that there is a map Wg Sg 
taking a signed permutation to the underlying permutation, and this map is 
a surjective homomorphism. The kernel of this map will be denote by Wg. 
Thus Wg is a normal subgroup of Wg isomorphic to (Z/2Z)^. 

As before. Let {K, T^k) denote a CM field of degree g together with a CM 
type {T,K = {4>i, ■ ■ ■ ,(t>g)- Let L be the Galois closure of K, and G be the 
Galois group Gal(L/Q). Let S G Gal(L/Q) denote all elements inducing an 
element of S/^ on K. We also let 5 G G be complex conjugation. Then G of 
L can canonically be viewed as a subgroup of Wg in the following way: For 
each g E G and 1 < i < g, we have that g{(j)i) is either for some j, or (f)j 
for some j. Thus, we can define ag to be the signed permutation mapping 
i to j with sign 1 if g{(pi) = and sign -1 if g{(f)i) = (pj. It is easy to see 
that this is an injective homomorphisms Gal(L/Q) ^ Wg. It is worthwhile 
noting under this map complex conjugation always maps to the element 
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(1~)(2~) . . . {g~). We assume wlog that (pi is the identity embedding on K. 
It is follows under this identification that S consists of the set of all elements 
of G that send the clement 1 to some j with sign 1, and thus is the 
set of all elements which send some i to 1 with sign 1. Moreover, H is the 
subgroup of G which sends 1 to itself with sign 1. Since we assumed that 
the abelian variety A is simple, the right stabilizer of in G must be H. 

7.5. Understanding the map rx on Characters and cocharacters. 

Let us being by understanding the relevant G modules. A basis for X{K^) 
is the set of all embeddings ipi '■ K ^ C, where the Galois action is given 
by composition: g{ijjj) = g o ipj. Likewise, A basis for X{L^) is the set 
of all embeddings : L ^ C, where the Galois action is again given by 
composition. By fixing an identity embedding L ^ C we can consider the 
elements 5 of G as a basis for X{L^). The map fx sends tpi to 

fiiitpi) = tpiO I ^ g\ 

where we consider g now as an element of X(L^). It will be more natural 
to consider the map on cocharacters for us. We take the dual bases g* for 
X{L'^)* and ip* for X{K^)*. The dual map fx* takes an element g* to 

f^*{g*)= Yl ^'^m 

l<i<g 

where a is the clement of Wg corresponding to g~^. That is, 0* appears in 
the sum if and only if g takes some element j to i with sign 1. 

Denote by Lq the kernel of the norm map Ntul : — > and define 
Kq to be the kernel of the Norm map from K to its totally real subfield F 
given by 

Nrnx/pi^) = 

X{Lq) is the quotient of X(L^) by the primitive vector Ylg&cd 
X{Lq)* is the submodule of X(L^)* consisting of all elements X^^gc '^9 ' 9* 
such that ttg = 0. Similarly, X{Ko) is the quotient of X{K^) by the re- 
lations (pi = —(pi and X{Ko)* is spanned by the elements tt* := (p* — ^*,l< 
i < g. Note that tk takes Lq to Kq. 

Define M to be the image of X{Kq) in X{Lq) by fx and let Tm be the 
torus whose character lattice is M. 

1 

Lemma 7.7. We have Dt^ >5 ■ 

Proof. Since x corresponds to a simple abelian variety, the CM type {K, Y^k) 
must be primitive and so the stabilizer of the element ^^(=5-1(5 — 5) in G 
is H. Note that this clement lies in M. Since L is the Galois closure of 
K we know that H contains no non-trivial normal subgroup of G, so we 
see that the action of G on M has trivial kernel. The result then follows 
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by considering the Artin conductor of the associated representation and 
applying Theorem 14.71 and Lemma 14.61 

□ 

Note that Tm{^) is compact, so Tm has trivial regulator. In particular, 
by theorem 15.11 we can conclude that the Galois orbit of x is large as long 
as M is a primitive sublattice of X{Lq). This is equivalent to the image of 
X(Lo)* in X(Kq)* being primitive. This is the description we shall work 
with. 



7.6. Lower bounds for Galois orbits of Weyl CM-fields. 

Following Chai and Oort [2] , we say that X is a Weyl CM field if the Galois 
group Gal(L/Q) is isomorphic to Wg. Weyl CM fields can be thought of as 
the generic CM fields, much like a generic field of degree g has Galois group 
Sg. The following lemma combined with theorem 17. II proves theorem II. 2[ 

Lemma 7.8. IF K is a Weyl CM field , then we have 

|zm(f^)| >g,e \ 
Proof. Since Kq fits into an exact sequence of Tori 

and the Artin conductor is multiplicative, it follows from corollary 14.51 that 

Dk, ». ^ > 

so the lemma will follow once we show that fx* maps X[Lq)* surjectively 
onto X{Ko)*. 

For 1 < i < 5, let gfj G Gal(L/Q) be the element such that 

9i{4>j) = 

Note that we know gi exists precisely because is a Weyl CM field. 
Now, 1* — g* is in X{Lo)* and maps onto tt* in X{Kq)*. Since the tt* span 
X{Kq)* , this completes the proof. 

□ 




7.7. Proofs for g=2, 3,4,5, and 6. 



In this subsection we prove that Galois orbits are large for g = 2,3, 4, 5, 6. 
We record one final combinatorial fact before proceeding: 

Lemma 7.9. For each i ^ 1 and e G {+1, —1} there exist an element g in 
S which takes i somewhere with sign e. 
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Proof. Suppose for the sake of contradiction that there is an i 7^ 1 and an 
e G {+1,-1} such that \/g £ S, g takes i to g{i) with sign e. Since G 
acts transitively on the set {l,2,...,g} there is a g € G with g{l) = i. 
Multiplying (7 by (5 if necessary, we can also ensure that g takes 1 to z with 
sign e. But then g is in the right stabilizer of S and g ^ H, contradicting 
the fact that S induces a primitive CM type on K. 

□ 

The following theorem combined with theorem 17.11 proves theorem ll.il 
Theorem 7.10. Conjecture \7.2\ holds for (7 = 2, 3, 4, 5 with 

6{2) = 6{3) = \, 

m = \, 

and 

Remark. While 5(2) and S{3) are optimal, we have made no attempts 
to optimize 5(4), 5(5) or (5(6). Since the proof reduces '5(4) to a discrimi- 
nant calculation, optimizing 5(4) is a straightforward exercise in representa- 
tion theory, while optimizing 5(5) would involve bounding 3-torsion in class 
groups of quadratic fields. Of course, optimizing the values 5g for conjecture 
17.11 would require more work, and in particular a better way to handle the 
case of non-maximal endomorphism ring. 

Proof. The theorem follows from lemmas 17. IH 17. 12^ 17.131 17. 14^ 17.151 and the 
previous lemma ITTTl 

Lemma 7.11. For g = 2, the image of fx* is all of X{Kq)*. 

Proof. X{Kq)* is generated by tt* and vTg. We write (a, 6) to denote the 
element avr^ + ^vTg. Recall that X{Lq)* is generated by the elements g* — 1*. 
Now, we have 

f^*(5*-l*) = (-l,-l). 

Moreover, by lemma EH] there is an element in S which sends 1 somewhere 
with sign 1 while sending 2 somewhere with sign —1. This must either be 
(l+2~) or (1"'")(2~). So either (0,-1) or (— 1, 0) is in the image of f^*. This 
together with (—1, —1) already generates so we're done. □ 

Lemma 7.12. For g = 3, the image of fx* is all of X{Kq)* . 

Proof. Similarly to the case g = 2,we write (a, b, c) to denote a7rj+67r2+c7r3. 
We have 

f^*(5*-r) = (-1,-1,-1). 
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Since G acts transitively on the embeddings (f>i,4'2,<p3 it must contain a 
3-cycle. Suppose G has a 3-cycle a where not all the signs are the same. 
By multiplying a with complex conjugation 5 we can ensure that two of the 
signs are positive. Assume a = (1+2^3"). Then 

f}?*(r-a*) = (l,0,0) 

and 

- {a^r) = fi,*{l* - (1+3-2-)*) = (1, 1,0) 

and these 2 vectors combined with (—1, —1, —1) generate X{Kq)* . 

The same logic holds for the other such cycles. Thus, we are reduced to 
the case where G only contains 3-cycles where all signs are the same. Since 
G contains 5 we see that G must contain all 3 cycles where all signs are the 
same, in particular the element a = (1+2+3+). 

Recall that the image of fx* is closed under the action of G. By lemma 
17.91 G contains an element r which takes something to 1 with a positive 
sign and something to 2 with a negative sign. Hence, rK*(l* — r*) is either 
(0, 1, 0) or (0, 1, 1). Now, acting by a we see that the image of fx* contains 
either aU of (0, 1,0), (0, 0, 1), (1,0, 0) or (0, 1, 1), (1, 0, 1), (1, 1, 0). Either way, 
together with (1, 1, 1) we see that this generates X{Kq)*. 

□ 

Lemma 7.13. For g = 4, the size of the image of fx is at least c^Dj^ 

Proof. Again, we use the notation (a, 6, c, d) to denote avr^ + fevrg + cvTg + dirl. 
Let 

Nk := {ia,b,c,d) \ a + b + c + d = mod 2}. 

Now, as X{Lq)* is generated by the elements 1* — g* , we see that the image 
of f/J* is the span of some subset W of the vectors 

{(01,02,03,04) I Oi G {0, 1}, 1 < i < 4} 

which includes the vector v = (1,1,1,1). We claim that the image of fx* is 
either primitive, or the sublattice Nk- 

To see this, note first that by replacing w hj v — w we can assume all 
vectors in W with 1 or 2 entries being 1, and the remaining entries being 
0. Now, if W contains a vector with a single entry being 1, then since the 
image of fx* is G-invariant it must contain all the basis vectors and thus 
be the whole thing. We can thus assume that W only contains vectors with 
exactly 2 entries being 1. These come in pairs 

{(1,1,0,0), (0,0, 1,1)}, {(1,0, 1,0), (0,1, 0,1)}, {(1,0, 0,1), (0,1, 1,0)}. 

If S contains 1 or 2 such pairs than the span can easily be checked to be 
primitive. Hence the only case where the image is not a primitive sublattice 
is if S contains all 3 such pairs, and the image is thus Nk- 

Now, if the image is primitive the lemma follows by lemma ITTfl We thus 
restrict to the case where the image is Nk- Let Tk be the torus whose 
cocharacter module is A'';^', and consider the induced map Tm — >■ Kq. It 
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is sufficient to show that the cokernel of the induced map on Class groups 
is Discriminant neghgible. But X(Lq)* /Nk ~ Z/2Z, and so it must be a 
trivial Galois module. The result therefore follows from corollary 15.21 

□ 

Lemma 7.14. For g = 5, the size of the image of fx is at least c^D^ ^. 

Proof. We use the notation (a, b, c, d, e) to denote aTrl+b-K2+CTr^+dTrl+eiT'^. 
Now, if the span of fx* is primitive, we're done by lemma \777\ so we assume 
from now on that this is not the case. As X{Lq)* is generated by the 
elements 1* — g* , we see that the image of fx* is the span of some subset 
W of the vectors 

{(ai, a2, as, 04, 05) | Oi G {0, 1}, 1 < i < 5} 

which includes the vector v = (1,1,1,1,1). By replacing w hy v — w we 
can assume all vectors in W except v have 1 or 2 entries being 1, and at 
least 3 entries being 0. If any vectors in W have exactly 1 component being 
1 then this eliminates a variable and reduces us to the 9 = 4 case above, 
so we can assume all vectors in W have exactly 2 entries being 1. Thus 
the image contains a vector vr* + vrj^ for some z w. Now, note that the 
image of fx* is closed under the action of G. Moreover, since G contains an 
element of order 5, it must contain a 5-cycle. Taking a power of this 5 cycle 
we can conclude that G contains a 5-cycle a which takes z to w (and has 
some signs). Acting on the vector it* + tTj by powers of a we see that the 
cokernel B is generated by vr* with each vr^ equaling ivr*. We also have the 
relation tt* + + vTg + 7r| + vr^ = in i3. Since tt^ = — vr*, we can conclude 
that either B is trivial or S ~ Z/3Z. Since we assumed that B isn't trivial, 
we must have B ^ Z/3Z. 

Our goal is now to bound CL{B). The automorphism group of B as 
an abelian group is Z/2Z, so we get a map from Gal(L/Q) to Z/2Z. The 
kernel Gi must be of index 2. Now consider the quadratic field k fixed by 
Gi. Notice that k C K since Ga\{L/K) fixes vr* and thus acts trivially on 
B. Now, the module X(k^)* /2X{k^)* is an extension of i3 by a trivial 
Galois module, so by corollarv 15.21 we have that GL(B) = GL{k)[2] up to 
discriminant negligible factors. In particular, 

CL{B) < |CL(A:)| < d|. 

The rest is easy: since k C K,we have < Dk- Also, Dko D^^'^/Dp 
where F is the maximal totally real subfield of K, so Dp < D^. Thus 

1 

as desired. 

□ 

Lemma 7.15. For g = 6, the size of the image of fx* is at least c^D^ 
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Proof. Let B be the cokernel offx* ■ As X{Lq)* is generated by the elements 
1* — g* , we see that the image U of fx* is the span of some subset W of the 
vectors 

6 

{Y,ai<\a^e{0,l},l<i<(i} 

i=l 

which includes the vector = (1,1, 1,1, 1,1). Given a vector w = Yl^=i '^i'^h 
we refer to q as the i'th entry of w. By replacing w hy v — w we can assume 
all vectors in W with 1,2 or 3 entries being 1, and at least 3 entries being 0. 
Recall that U is invariant by G. Since G acts transitively on the vectors ±7r| , 
we deduce that the order of the ir* (possibly infinite) in B is independent of 
i. If B is torsion free then the lemma follows from lemma \77l\ so we assume 
from now on that this isn't the case. 

Lemma 7.16. The image of fx* contains an element of the form vr* it it*, 
for i / i. 

Proof. If W contains a vector with exactly 1 entry being 1, then for some 
i we have vr? = in i?, and hence by the G-invariance of U we see that 
B must be trivial, contradicting our assumption that B is torsion free. If 
W contains an element with exactly 2 entries being I's, then we're done. 
Hence the only remaining case is where all the vectors in W have exactly 3 
entries being I's. Let vi be 1 such vector. If W consists only of vi and/or 
V — vi, then it is easy to see that B is isomorphic to and hence torsion 
free. So W must contain at least 2 vectors vi,V2 with 3 non-zero entries and 
vi ^ {v2,v — vi}. Then either vi and V2 or vi and v — V2 have 2 of the same 
entries being 1. Assume wlog vi and V2 have 2 of the same entries being 1. 
Then vi — V2 has 1 entry equal to 1, 1 entry equal to -1, and the rest equal 
to 0. This proves the lemma. □ 

By acting by G on the vector produced by lemma 17.161 we deduce that U 
contains an element of the form 7r| i , and by relabeling we can assume 
it contains Tr^ it vrg. Now, Wq acts naturally on X{Lq)* and U is invariant 
by G. Since U contains =t 7r|, we see that U is also invariant either by 
(1+2+) or (1^2-). Let G^ denote the sub group of W preserving U , so that 
G^ contains G and this signed transposition. Let G^ denote the image of 
G^ in 5*6, so that G^ is a transitive subgroup of 5*6 containing (12). Draw 
a graph Vu on {1,2,3,4,5,6} where two elements i,j are connected by an 
edge if {ij) G G^ . Since {ij) and {jk) generate {ik), we see that this graph is 
a disjoint union of complete graphs. Since acts on this graph transitively, 
the complete graphs must have the same size. We thus see that either Vu is 
the complete graph, in which case G^ is either all of S^, or Vjj is 2 triangles 
or 3 disjoint edges. We thus split into 3 cases: 

• Case ^ Sq. 
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The G orbit of nl ±7r2 thus contains either vrj + 7r* or tt^ — n* for 
each j ^ 1. Thus B is cychc and generated by tt^. Since we assumed 
that B is torsion, we see that U has full rank in X{Lq)* . Now, each 
element of G takes 7r| to ±7r| for some j. As 7r| = ±7rJ in i?, we see 
that the G action on B factors through Z/2Z. Taking the kernel of 
the action of G on B, we see that there is a quadratic field k e K 

such that Cl{B) < CL{k). But CL{k) <e < Thus, 
\im{rK)\ >. 1^ 1 >£'|^ . 

Case ii: V;/ consists of 2 triangles with vertices {1,2,3} and 
{4,5,6}. 



In this case {{1, 2, 3}, {4, 5, 6} must be a G°-quotient set. 
As in Case i, we have that in B, 

TTi = ±1^1 = ±7r3,7r4 = ±TtI = zbTTg. 

Let Go denote the stabilizer of ir^ in G. Then Go contains as a 
subgroup of index at most 3, so that there is a field k ^ K oi degree 

at most 4 over Q such that Cl{B) < CL{k). But CL{k) <e ^1^^ < 

D]^\ Thus, 

r)2~^ 1 



\im{rK)\ >e f 1 > 
Case iii: Vu consists of 3 disjoint edges {1, 2}, {3, 4} and {5, 6}. 



In this case {{1, 2}, {3, 4}, {5, 6}} must be a G^'-quotient set. Also, 
we have 

TTi = ±7r2,7r3 = ±7r4,7r5 = zbTTg 

in B. 

Suppose that is 2-torsion in B. Then the stabilizer Go C G of 
TTj in B has H as & subgroup of index at least 4, and so there is a 
subfield k d K oi degree at most 3 such that 



Cl{B) < CL{k) <e 



Thus 



\im{rK)\ »6 1^ 1 » D]^ 



^F^k 

Henceforth we assume that tt* is not 2-torsion in B. 
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Consider a vector w G W. li w has 1 non-zero entry then B is 
trivial as before and we're done. If w has 2 non-zero entries, then 
they must both be {1, 2}, {3, 4} or {5, 6} by the main assumption of 
this case. If W consists only of some subset of 

{ttI +7r|,7r3 +7r4,7r5 + VTg} 

then since U is generated by W and v and W U v can be completed 
to a basis of X{Lq)* , it follows that B is torsion-free. Hence we can 
assume W contains a vector w with 3 non-zero coefficients. 

Thus, w & W is oi the form w = n* + tt* + vr^. Suppose i,j both 
belong to the same set {1, 2}, {3,4} or {5, 6}. Wlog i = l,j = 2,k = 
3. Then we see that either B is trivial contrary to assumption, 
or VTg = — 27r^ in B. Now, the action of on the 3 element set 
{{1, 2}, {3, 4}, {5, 6}} is transitive, so it must contain both 3-cycles. 
Acting on the relation vTg = — 27rJ in B by thus gives ttj = ±27r3 
in B and vrjj' = ±27r5, and so 7r| = ib87r| in B. Hence B is cyclic, 
generated by ttI , and 7r| has order 3, 7 or 9. But v — w = 7r| + vTg + vTg 
is in U, which gives the relation 7r| = —2Trl = ztTrjf in B, so that 
ttI = ±2ttI and 7r| must have order 3 in B. We can now proceed as 
in case i. 

Hence we can assume that any w with 3 non-zero coefficients must 
be of the form w = n* + tt* + vr^ with each of k} belonging to 
a different element of {{1, 2}, {3, 4}, {5, 6}}. Recalling the relations 
ttI = ib7r2,7r3 = ib7r| and tt^ = zbvTg in B, we see that each such 
w imposes a relation in B of the form 7r| it VTg it vr^ = 0. Any 2 
distinct such relations imply that 2-it* = in B for some i, which we 
assumed was not the case. Hence B is isomorphic as an abelian group 
to the free module on 7r| , VTg , Tr^ modded out by a single relation 
Trjj' ± TTg ± TTg = 0. Hence B is torsion free, which is a contradiction. 

□ 
□ 
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